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0. Introduction 



Let X = {0 C C 1 C . . . C C r C C r+1 } be the manifold of complete flags in C r+1 . 
It admits the Plucker embedding into the product of projective spaces 



Let (x : y) be homogeneous coordinates on CP 1 . A degree d holomorphic map 
CP 1 — ► CP N is uniquely determined, up to a constant scalar factor, by + 1 
relatively prime degree d binary forms (fo{x : y) '■ ■■■ '■ In(x : y)). Omitting the 
condition that the forms are relatively prime we compactify the space of degree 
d holomorphic maps CP 1 — > CP N to a complex projective space of dimension 
(N + 1)(g?+ 1) — 1. We denote this compactification of the space of maps by CP d . 
This construction defines the compactification 11^ = n[ =1 CP^ 1_1 of the space of 
degree d — (di, d r ) maps from CP 1 to II. 

Composing degree d holomorphic maps from CP 1 to the flag manifold X with 
the Plucker embedding, we embed the space of such maps into II rf . The closure 
QMd of this space in 11^ is often referred to as the Drinf eld's compactification 
of the space of degree d maps from CP 1 to X and will be called the space of 
quasimaps (following It is a (generally speaking - - singular) irreducible 

projective variety of complex dimension dimX + 1d\ + ... + 2d r . 

The flag manifold is a homogeneous space of the group SX r+1 (C) and of its 
maximal compact subgroup SU r+ \. The action of these groups on X lifts naturally 
to the spaces II, 11^, and QM^. In addition to this action the spaces LT^ and the 
subspaces QM d carry the circle action induced by the rotation of CP 1 defined by 
(x : y) i— > (x : e^y). Thus the product group G = S 1 x SU r+ i and its complex 
version Gc = C* x SX r+1 (C) act on the quasimap spaces. We will see later that 
QMd have G-equivariant desingularizations QM d . 
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We denote by P = (P 1; P r ) the G-equivariant line bundles over QM d obtained 
by pulling back the Hopf bundles over the complex projective factors of 11^. 

The G-equivariant holomorphic Euler characteristic of a G-equivariant holomor- 
phic vector bundle V over a compact complex manifold M provided with a holo- 
morphic G-action is defined as the character of the virtual representation of G in 
the alternating sum of the cohomology spaces: 

XG (V) := str G (H*(M,V)) := ]T(-l) fc tr G (H k (M, V)). 

k 

It can be expressed in cohomological terms using the equivariant version of the 
Riemann-Roch-Hirzebruch theorem: 

Ch( XG (V)) = [ Ch G (V)Td G (M), 

J M 

where Ch G and Td G are the equivariant Chern character and Todd class, and ch 
on the left hand side is the Chern character from K G (pt) = K*(BG) (canonically 
isomorphic to a suitable completion of the character ring Repr(G)) to H G (pt) = 
H*(BG). 

We are interested in computing G-equivariant Euler characteristics of the line 
bundles P z = P* 1 ...P* r over equivariant desingularizations of the map spaces QM d . 
In fact (see section 1) the result does not depend on the choice of desingularization. 
We encode the answers by the following generating function: 

(1) Q(Q,z,q,A) :=J2Q d XG(H*(QM d ,P z )) 

d 

Here q and A = (A , A r |A ...A r = 1) are multiplicative coordinates on S l and 
on the maximal torus T r of SU r+ i respectively, and Q = (Qi, Q r ) are formal 
variables. The formula makes sense for integer values of z — (z\, z r ) but can be 
extended to, say, complex values of z by interpreting the right hand side by means 
of the Riemann-Roch-Hirzebruch formula. 

The finite- difference Toda operator [] 

(2) H Qa := q 9/dt0 + q 9/9tl {l - e* "' 1 ) + ... + q d/dtr {l - e^' 1 ^) 

is composed from the operators of multiplication by Qi = e* l_1_ti and from the 
translation operators 

We can now state the main result of the paper. 



1 We are thankful to P. Etingof for this definition. 
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Theorem 1. In each of the two groups of variables Q and Q' the function 

G(Q,Q') :=G(Q, lng '~ lng g,A) 

Ing 

is the eigen-function of the finite- difference Toda operator: 

Hq' )Q G = (A + ... + A r )G = Hq a -iG . 

Remarks. (1) Theorem 1 together with some, rather general, factorization 
property of the generating function Q uniquely determine the function Q. We will 
prove this in Section 2, and also present there some explicit examples. 

(2) Taking 

q = exp(-ft) = l-h+ h 2 /2 + ... 

and assigning the degrees degh = l,degQj = 2 we perform the degree expansion 
of the finite-difference Toda operator: 

d = (r + 1) _n E |. + [ * E |_ E ^ ] + .... 

In degrees 1 and 2 the expansion spits out the momentum and the Hamilton op- 
erators of the quantum Toda lattice thus explaining the name of H. In fact the 
Toda operator H can be included into a complete set of commuting finite-difference 
operators ( "conservation laws" ) in close analogy with the case of quantum and clas- 
sical Toda systems. A construction of such operators in terms of quantum groups 
is described in Section 5. 

(3) As we will see in Section 2, the generating function G is a common eigen- 
function of the commuting conservation laws of the finite-difference Toda system. 
This result is a X-theoretic counterpart (in the case of the series A r ) of the theorem 
by B. Kim |T7| characterizing intersection theory in spaces of holomorphic maps 
CP 1 — ► G/B in terms of quantum Toda lattices (see Section 5.1 for more details). 

(4) A conjecture generalizing Theorem 1 to the case of flag manifolds X = G/B 
of arbitrary semi-simple complex Lie groups G and intertwining K-theory on moduli 
spaces of stable maps with representation theory of quantum groups is explained 
in Section 5. 

(5) The results of the paper were completed in the Summer 98 and reported by 
the authors at a number of conferences and seminars. In this version of the paper 
we decided to leave the material of Section 5 in the form close to the preliminary 
text written in 1998. In particular, we did not try to match the quantum group 
description of finite-difference Toda lattices given in Section 5 with the (apparently 
very similar) construction that has become standard since then due to the paper 
by P. Etingof. Perhaps partly motivated by our conjectures, the paper places 
the finite-difference theory of Whittaker functions on foundations much more solid 
than those available to us there years ago. 
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(6) Initially the conjecture proved in this paper served as a motivation for devel- 



oping basics [pi] , |21f of quantum K-theory — a K-theoretic counterpart of quantum 
cohomology theory. Moreover, one can heuristically interpret the generating func- 
tion Q as an object of Floer-type (or semi-infinite) K-theory on the loop space LX 
equipped with the S^-action defined by the rotation of loops. According to || this 
heuristics, applied in cohomology theory, suggests existence of a D-module struc- 



ture (which in the case of flag manifolds is identified by Kim's theorem [17] with the 
quantum Toda system). The same arguments in K-theory lead to a finite-difference 
counterpart of the D-module structure. While results of the present paper conform 
with this philosophy, the role of finite-difference equations in the general structure 
of quantum K-theory remains uncertain (see Section 5 (d) in fTO] for a few more 
details on this issue). 

(7) The proof of Theorem 1 is presented in Sections 1-4. In Section 1 we 
discuss independence of the function Q on desingularizations. In Section 2 we use 
desingularizations of the quasimap spaces based on moduli spaces of stable maps in 
order to obtain the factorization and other properties of the function Q mentioned 
in the Remarks 1, 3. In Section 3 we describe the hyperquot schemes — another 
equivariant desingularizations of the spaces QMd — and compute their equivariant 
canonical class. This result plays a key role in our derivation of Theorem 1 given 
in Section 4. 

1. Rational desingularizations 

A germ (M, p) of a complex irreducible algebraic variety is called rational if for 
any desingularization 7r : (M 1 ,p') — > (M,p) all higher direct images of the structure 
sheaf of M' vanish in a neighborphood of p: 

(3) {R k ir*0 M ,) p = for all k > 0. 

Of course, R^h^Om 1 — Cm- 

A non-singular germ is rational. This is a rephrasing of the famous Grothendieck 
conjecture [13] proved by Hironaka Jl6| on the basis of his resolution of singularity 



theorem and saying that @ holds true for any / : M' —>■ M which is a proper 
birational isomorphism of non-singular spaces. 



Another easy consequence [15] of the Hironaka theorem is that the condition 
(|3|) in the definition of rational singularities is automatically satisfied for all desin- 
gularizations if it is satisfied for one of them. f\ In particular, it makes obvious 
the fact that the product of a rational singularity with a non-singular space has 
rational singularities. 

Let us call a rational desingularization of a singular space N a proper bira- 
tional isomorphism M — > N where M is allowed to have rational singularities at 

2 This is proved by applying Leray spectral sequences to the commutative square formed by 
three desingularizations M' -> M, M" -> M and M'" -> M dominating the first two: M'" -» 
M',M"' M" . We are thankful to R. Hartshorne for teaching us this subject. 
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the worst. Consider a compact irreducible complex variety iV and two birational 
desingularization gj : Mj — > N, i = 1,2. For any vector bundle V on N we have 
x(Mi, g\V) = x(M 2 , g 2 V). Indeed, if fi : M — > Mi is a common desingularization 
(so that fx o g x = f 2 o g 2 ) then 

X (M, f*g*V) = X {M h {R*fi)*0 M ® <7*F) = X (Mi, Mi ® #*v) = X (M,, ^y). 

In our applications, we take on the role of N the quasimap spaces QMd of the 
space of maps CP 1 — > X. The holomorphic Euler characteristics we are really 
interested in are those for bundles on QMd pulled back to the graph spaces (see 
Section 2). For flag manifolds X the graph spaces are orbifolds, and it is important 
for us that, due to a theorem by Viehweg [P5[j , singularities of orbifolds are rational. 

We need however the following equivariant refinement of the above independence 
argument: 

Proposition 1. Let a compact connected Lie group G act by holomorphic trans- 
formations on a compact irreducible complex projective variety N and on two its 
equivariant projective rational desingularizations fi : Mi — > N, i — 1,2. Then 
for any G-equivariant holomorphic vector bundle V on N we have x G (M 1? f*V) = 

xg(m 2 j;v). 

Proof. The equivariant holomorphic Euler characteristic is a character of a vir- 
tual representation of G and is determined by its restriction to the maximal torus 
in G. Therefore we may assume that G is such a torus. Furthermore, the charac- 
ters are determined by their (sufficiently high order) jets at the point 1 G G. These 
jets have the following interpretation in equivariant K-theory. 

Let BG^ := (CP n ) s be the finite-dimensional approximations to the classifying 
space BG = (CP°°) S of the s-dimensional torus G. Let tt, : (M;)§ } -> BG^ 
be Mj-bundles associated with the restriction of the universal G-bundle to BG^ n \ 
Similarly, consider the associated iV-bundle 7r : N^f 1 — > BG^ n \ the bundle maps 
Fi : {MijQ — > Nq induced by the equivariant maps fi : Mi — > N and the vector 
bundle over associated with the equivariant bundle V over N. Then the 
K-theoretic push-forwards (7ii)^(F*V^) (which are elements in the Grothendieck 
group K*(BG^ defined as the alternated sums R k (^i) *(■■■) of higher 

direct images) coincide with suitable jets of the characters XG(Mi, f*V). More- 
over, these elements are uniquely determined by their K-theoretic Poincare pairing 



3 The coincidence, tautological in topological equivariant K-theory 0), holds true in the context 
of algebraic geometry for non-singular complex manifolds due to the compatibility of algebraic- 
geometrical and topological K-theoretic push- forwards (see Hj). We need here a more general 
statement applicable to possibly singular spaces M. We don't have a suitable general reference 
and assume that M are projective instead. Then one can use an equivariant embedding of M 
into a projective space P in order to push- forward f*V from Kq(M) to Kq{P) and then apply 
the coincidence in question for the non-singular space P. 
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with elements of K*(BG^ n '), i. e. by holomorphic Euler characteristics of the form 

where the vector bundles W run a basis in K*(BG^). 

The bundles 7Tj are locally trivial with fibers Mj having only rational singulari- 
ties. Therefore their total spaces (Mj)g have only rational singularities too. The 
proposition follows now from its non-equivariant version applied to the rational 
desingularizations Fj of the spaces Nq\ 



2. Graph spaces and factorization 

2.1. The graph of a degree d holomorphic map CP 1 — > X is a genus compact 
holomorphic curve in GX := CP 1 x X of bi-degree (l,d), i. e. of degree 1 in 
projection to CP 1 and of degree d in projection to X. We define the graph space 
GXd as the moduli space of genus 0, unmarked stable maps to GX of bi-degree 



(1, d). For X = G/B, the graph spaces GXd, according to |L8|, f|, ||, are compact 
complex projective f] algebraic orbifolds of dimension 2d\ + ... + 2d r + dimX. They 
provide therefore compactification of spaces of degree d holomorphic maps CP 1 — > 
X and inherit the action of Gc = x SX r+1 (C) from the componentwise action 
on target space. 

The natural birational isomorphism between the graph spaces and quasimap 



spaces is actually defined by a regular map (see for example pTJ[| ) which can be 
described as follows. A bi-degree (1, d) rational curve in CP 1 x X projected to 
CP 1 x CP ni_1 by the Pliicker map consists of the graph E of a degree m < di 
map CP 1 — > CP" 1-1 and a few "vertical" curves Ej of bi-degrees (0,rrij) with 
J2 m j = di — mo, attached to the graph. The graph component is given by n* 
mutually prime binary forms of degree mo- Denote Q € CP 1 the images of the 
vertical curves Ej in projection to CP 1 . Multiplying the binary forms by the 
common factor with roots of multiplicity mj at Q we obtain the degree di vector- 
valued binary form which specifies the image of our curve in 
regular map 

Im: GX d ->Il d 

is defined by the above construction applied to each component of the Pliicker 
embedding. 

2.2. The following result allows to separate the variables Q and Q' in the 
generating function G(Q,Q'). Let p\, ...,p T denote Hopf line bundles on II pulled 
back to the flag manifold X by the Pliicker embedding, and p z = pi 1 ...p z r r be their 



4 See, for instance, pj where projectivity of moduli spaces of stable maps to complex projective 
manifolds is proved. We need this property only to assure that Proposition 1 applies to the graph 
spaces considered as equivariant rational desingularizations of the quasimap spaces. 
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tensor product. Denote by (V,W) := Xg(X; V <E> W) the K-theoretic Poincare 
pairing on Kq(X). 

Proposition 2. 

G(Q,Q') = (J(Q',q)p lnQ ' /lnq , P - lnQ/lnq J(Q,q- 1 )), 

where J is a suitable formal Q-series with coefficients in Kq(X) ® Q(A, q) (de- 
scribed below) . 

In the description of the series J, and in the proof of Proposition 2 we will 
encounter the following concepts standard in Gromov - Witten theory (see for 
instance [ XSJ, |J for their definitions and properties). We will use the symbol X md 



for the moduli space of genus degree d stable maps / : (£, e%, ...e m ) —> X with m 
marked points (and we intend to avoid the notation (S 1 x X)ond) for the graph 
spaces GX d ). Let L denote the universal cotangent line bundle over & formed 
by the cotangent lines T £ *E to the curves (£, e) at the marked point e (see JTI] for a 
discussion of these line bundles in the context of K-theory). Let ev* : -fQj(X l d ) — > 
Kq(X) be the K-theoretic push-forvard by the map ev : X^ — > X defined by the 
evaluation />—»•/(£) at the marked point. In these notations 



J(Q,q) = l+ J2Q 



d ev t 



«U 1 " Lq 

Proof. It is based on localization to fixed points of the S^-action on the graph 
spaces GXd and goes through with minor modifications in the general setting of 



quantum K-theory described in [11 



Let / : £ — > CP 1 x X be a bi-degree (l,d) stable map which represents in 
GXd a fixed point of the S^-action. Then / consists of the graph of a constant 
map CP 1 — > X and of two stable maps f± : (£±, e ±) "~ ¥ X± of bi-degrees (0,0^), 
d + + d~ = d, with one marked point e± each, attached to the graph at the points 
/±(£±)- Here X± are two copies of X, namely the slices of the product CP 1 x X 
over the fixed points (1 : 0) and (0 : 1) of the ^-action on CP 1 . In the extremal 
cases d + = or (and) d~ = only one (none) of the maps f± is present. A fixed 
point component in GX,i is therefore identified with the suborbifold in the product 
Xi )d + x Xi id - of moduli spaces of stable maps to X with one marked point, given 
by the diagonal constraint ev(/ + ) = ev(/_) in X x X for evaluations at the marked 
points. 

According to the construction of the map fi : GX d — > 11^, the image fj,[f] is 
represented by an r-tuple of monomial binary vector-forms with zeroes of orders 
d + and d~ at (1 : 0) and (0 : 1) respectively. 

The S' 1 -fixed points in 11^ represented by these vector-forms form a fixed point 
submanifolds isomorphic to II. We denote it by H d d+ ^ as the fixed point set Ilf 1 
consists of one copy of II for each < d + < d. The images //[/] of the above 
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fixed from GX& form a copy of X Pliicker-embedded into 11^ + . | This implies 
that the S^-equivariant line bundles P = (Pi, ...,P r ) restricted to the fixed point 
component coincide with ev*(p) ® q d+ . Here p = (pi, ...,p r ) is the list of Hopf line 
bundles on X, and q m = (q mi , q mr ) specify the ^-actions on the r-tuple of 
trivial line bundles. 

Each of the vertical curves f± contributes a 2-dimensional summand into the 
conormal bundle to the fixed point component. The two infinitesimal deformations 
of [/±] breaking the 5' 1 -invariance correspond to the shift of the vertical curve away 
from the slice X± and to the smoothening of E at the nodal point e±. These de- 
formations contribute respectively the factors (1 — q^ 1 ) and (1 — L± ® q ±l ) to the 
denominator of the Bott-Lefschetz localization formula. Here L± is the universal 
cotangent line bundle over Xi^± formed by cotangent lines T* ± Y,±. The contri- 
bution of the fixed point component to the localization formula can be therefore 
written as 

<(ev+M(l - g)- 1 ^ - L+g)- 1 ] p z q d+z , (ev_).[(l - q' 1 )' 1 ^ - L^y 1 ]), 

(where however the factor (ev±) *[•••] should be omitted if d ± = 0). We use here 
transversality of ev + x ev_ to the diagonal i : A C X x X, which allows us to 
replace the push-forward to X^ d + x X l d - of the structure sheaf of the fixed point 
component by (ev + x ev_)*(i*(OA))- 

Summing the contributions over all (d + , d~) with the weights Q d++d we find 

G=(J(Qq z ,q),p z J(Q,q- 1 )). 

It remains to recall that G(Q, Q') is transformed to Q by the substitution Q' = Qq z . 

2.3. Proposition 2 shows that Theorem 1 has the following reformulation. 

Theorem 2. The KQ(X)-valued vector-series p ln ® ' lnq J (Q , q) is the eigen-vector 
of the finite-difference Toda operator Hq a with the eigen-value Aq 1 + ... + A,^ 1 . 

The series J turns into 1 when reduced modulo Q. In particular, for the manifold 
X of complete flags in C r+1 application of the operator Hq a to p Xn QI Xn( iJ yields, 
modulo Q, the factor p\ + p~[ x p2 + ... + Pr\pr + P^ 1 ■ The factor represents the 
trivial bundle C r+1 and is thus equal to A 1 + ... + A,^ 1 in Kq(X). 

Forgetting the space C\ i — 1, ...,r, in the flag C 1 C ... cC r C C r+1 defines r 
projections X — > to partial flag manifolds with the fiber CP 1 . The degrees 
li, l r of the fibers considered as rational curves in X form the basis in H 2 (X) 
dual to the basis (— Ci(pi), —C\(p r )) in H 2 (X) (and are represented by the mono- 
mials Qi, ...,Q r in our generating series). This identifies with the moduli space 
X 0>li , the projection X — > X^ — with the forgetting map ft : A a i j i i — > X 0jli , and 



5 Wc will need this information and notations also in Section 4. 
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shows that the evaluation map ev : — > X is an isomorphism. This information 
about curves of minimal degrees in X allows us to compute J modulo (Q) 2 '- 

J=l + ^- L Q l_ X +- + - S\ -1 + 1 % 2 ] + 0(0)- 

1 - q 1 - p|p 2 g 1 - Vi-iVWi+iQ 1 - Vr-iPS 

The finite-difference equation if/ = (^Aj 1 )/ for / = p ln Q/ ln ij j s equivalent to 
the recursion relation 

_ i) + ... + Pi pT 1 1 ( g *-*-* + +p; i( q -dr _ 1)]Jd = 



(4) P2Pi l q d2 - dl Jd-u + ...+ P ; l q- dr J d -i r 

for the coefficients — (1 — g) -1 ev*(l — qL)^ 1 of the series J = JdQ d - It is 
straightforward now to verify the relation for d = lj. 

The relation (0j) recursively determines the coefficients unambiguously, which 
implies 

Corollary 1. The power Q-series J is uniquely determined by Theorem 2 and 
by the constant term J\q=q = 1. 

Moreover, the uniqueness argument applies to arbitrary eigen-functions of H. 
Let D be any finite-difference operator with coefficients polynomial in Q which 
commutes with H, and let I = p ln Q/ ln i J2 d>0 IdQ d be a power Q-series with vector- 
coefficients Id G Kq(X). The following statement is the finite-difference version of 
Kim's lemma W7\ important in quantum cohomology theory of flag manifolds. 

Lemma. If I is an eig en- function of H : HI = Ah I, and DI is proportional to 
I modulo Q: DI = Ajjl mod Q, then I is an eigen-function of D: DI = ApI . 

Indeed, HDI = DHI = Ajj(DI) and therefore DI is an eigen-function of H 
with the same constant term A^/o as ApI and thus coincides with it due to the 
uniqueness argument. 

The conservation laws of finite-difference Toda systems discussed in Section 5 
satisfy the hypotheses of the lemma, and we obtain 

Corollary 2. The vector-function I (as well as the series G) is a common 
eigen-function of the commuting conservation laws of the finite- difference Toda 
system. 

2.4. Example: r = 1. The problem of computing the series (|]) can be 
generalized to arbitrary compact Kahler manifold X. In the case X = CP r the 
quasimap spaces coincide with the projective spaces CPJ and are non-singular. 
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The corresponding series ([l|) can be computed immediately by the holomorphic 
Bott - Lefschetz formula. We have J27=o Q d XG(CP^ P® z ) = 

where 

$(p)^(p)dp j r Q d 



(*,*) = -^4 ; W ^ v andJ = V 



2^ j^o P w j=0 (i - pAj) ^ n ;=o nLi(i - p^ m ) 

The contour of integration here includes all poles except 0. The Hopf line bundle 
p satisfies the relation (1 - pA )...(l - pK) = in K* G {CP r ). 

In the non-equivariant limit A = ... = A r = 1 the vector-function I : = 
pinQ/inq j^Q^ ^ satisfies the finite-difference equation D r+l I = QI (here D I(Q) : = 
I(Q) — I(qQ)) with the symbol resembling the famous relation in the quantum co- 
homo logy algebra of CP r . 

In the special case of the manifold CP 1 of complete flags in C 2 the series / : = 

QI In g j ftt Q = exp ( to _ ^) rea( J s 



'-Q-'-l X — < 
I = P In q y 



d(t -h) 



nLi (l-pA g m )(l-MoV) 
and modulo (1 — pA )(l — pAg 1 ) = satisfies 

^a/ato + qd/dt,^ _ e to-*i)j / = (A + Aq 1 ) /. 

2.5. Example: r = 2. The space of complete flags in C 3 coincides with the 
incidence relation (line) C (hyperplane) in CP 2 x CP 2 *. In this case the series / := 
pinQ/\nqj g ^jj can ^ written explicitly in terms of the algebra K G (CP 2 x CP 2 *) 
described by the relations 

(1 - Pl Ao)(l - piAx)(l - piA 2 ) = 0, (1 - ^-)(1 -£)(i-|») = 0, A A 1 A 2 = 1. 

_L -Li -L 2 

We have 

1 = pi lnq P2 lnq E 



2 ™ e di(*o-ti)+da(ti-t2) fJ dl +Q 2 (l - pi£> 2 <f 

2 rTT d i n m A ^m"\ TT d 2 



,,, fe=0 n-= [ns=i(i -piA,g m ) ns =1 (i -j^-voi 

It is not hard to check directly that modulo the relations the series satisfies 

HI = (A" 1 + A- 1 + A 2 !)/, where # = + g a / atl (l - e* "* 1 ) + g a/a * 2 (l - e* 1 "' 2 ), 

and that 6? = (I(Qq z , q), I(Q, q~ 1 )) = 

(5) 

Q1Q2 I I P^P?- 1 Y[ttt 2 {l-PiP2q- m ) dP 1 AdP 2 
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3. HYPERQUOT SCHEMES AND THE CANONICAL CLASS 

3.1. A degree d holomorphic map CP 1 — > X defines a flag of subbundles 
E 1 C ... C E r C C r+1 in the trivial bundle over CP 1 of degrees Ci(P 1 ) = 
—di, ...,Ci(P r ) = — d r . The hyperquot scheme HQ d is defined as the moduli space 
of the diagrams E 1 — > ... — > E r —>■ E r+1 = C r+1 where the morphisms E % —>■ E' l+1 
of vector bundles are injective almost everywhere on CP 1 . According to || |6| the 
hyperquot schemes are compact non-singular algebraic manifolds. 

More generally, the construction applies to partial flag manifolds and to grass- 
mannians (in which case one obtains Grothendieck's quot-schemes studied in |]24| ) 
and thus provides some non-singular compactifications of spaces of parameterized 
rational holomorphic curves in these spaces. In the case of degree —d line subbun- 
dles in the quot-scheme coincides with the projectivization CP^ of the space 
of vector- valued binary forms described in the Introduction. 

Replacing the flag E 1 — > ... — > E r —>■ C r+1 by the top exterior powers A l E l — > 
A*C r+1 we obtain a natural map A : HQd — > 11^ := n[ =1 CP^ I_1 to the product of 
the quot-schemes. The image of this map is the quasimap space QMj- According 
to H H, the hyperquot schemes are non-singular compact algebraic manifolds. 
Therefore the map 

A : HQ d -> QM d C n d 
provides an equivariant desingularization of the quasimap space. Q 

3.2. Denote Kd the canonical line bundle of the hyperquot scheme HQd- The 
following description of K d in terms of the pull-backs Pi , . . . , P r of the Hopf line 
bundles from 11^ will play a key role in the proof of Theorem 1. 

Theorem 3. The class of the canonical line bundle Kd in K^HQd) <8> Q coin- 
cides with the pull-back by A of 

-k d p2+2d 1 -d 2 p2-d!+2d 2 -d3 p 2-d r _2+2d r _ 1 -d r j D 2-d r - 1 +2d r 
q r l r 2 ■■■ ± r -\ r r , 

where 

kd = d 1 + ...+d r + j2 {dl -^ l)2 - 

Proof. The moduli spaces HQd is naturally equipped with the universal flag (see 
E 1 C ... C S r+1 = O r+1 of locally free sheaves on the product CP 1 x HQ d 
(such that restrictions to CP 1 x {b} are sheaves of sections of the bundles in the 
diagram E 1 — > ... — ► E r+1 = C r+1 representing b e HQd)- According to [^, the 
tangent sheaf 7^ of the hyperquot scheme can be described as the kernel of the 



In fact |2(J it is a small resolution. 
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following surjection: 

ft-i ® Id - Id m : ® i Hom(£ t , O r+1 /£ l ) -> ® l Hom{£\ O r+1 /£ i+1 ). 

i 

Here fa : £ l — > £* +1 are the inclusions and ^ : O r+1 /£ l — > O r + 1 /£ % + 1 are corre- 
sponding projections. In other words, the class of the tangent bundle Td to P<5<2 
in the Grothendieck group K* slxG (HQd) equals 

® r i=1 [ Exf{CP 1 -£\£ r+1 /£ i )eExt°{CP l -£\£ r+1 /£ i+1 ) ]. 

It is easy to see from long exact sequences generated by — > £ J — > £ r+1 — > 
gr+i/gj _^ o that Ext 1 (CP 1 ;£ j ,S r+1 /£ j ) = 0. Thus the class of tangent bundle 
is represented by the if-theoretic push-forward along the projection pr : CP 1 x 
HQd — > PQcz: 

T d = P r4©,(r)*®(r +1 -r) ]. 

We intend to compute the equivariant 1-st Chern class of Td by means of the 
relative Riemann - Roch theorem: 

Ch{pr,V) = pr*[Ch(V)Td(CP% 

where Ch and Td are equivariant Chern character and Todd class respectively. 
Since fibers of pr have dimension 1, it suffices to confine only terms of degree < 2 
in Ch{V) and Td^CP 1 ) in order to compute the 1-st Chern class of pr*(V). Our 
computation goes through due to the following "miracle" : for a virtual bundle V of 
the form V = ^(E 1 )* (E t+1 — E l ), where E l have dimensions % and E r+1 is trivial, 
the degree < 2 terms of Ch(V) depend only on 1-st Chern classes ci(E l ). Namely, 

Ch(V) = ^±12 - 2 5>W + I J>(P i+1 ) - Cl (^)) 2 + - 

In our situation E r+1 = C r+1 is topologically trivial, but carries a non-trivial action 
of SL r+1 (C). Yet Ci(E r+1 ) = 0, but we get an extra summand rc 2 (E r+1 ). This 
summand however is a constant const G H 2 (BSU r+ i) and will disappear from our 
formulas after integration over CP 1 . 

Notice that Ci(P') = Ci(A*^), and that the subsheaves A i £ i C A*£> r+1 are 
exactly those which define the map HQd — > n^. This allows us to perform our 
computation in the product CP 1 x 11^ of projective spaces instead of CP 1 x HQd- 

The equivariant cohomology algebra iPj^CP 1 ) with respect to our usual S 1 - 
action is isomorphic to Z[p,h]/(p(p + h)) where h — — \nq is the generator of 
H* s i{pt) = H*(BS 1 ), and — p is the equivariant 1-st Chern class of the Hopf line 
bundle over CP 1 . The cohomological push-forward pr\ : P^CP 1 ) — > H* sl {pt) 
is given by pr*(l) = 0, pr'*{p) — 1- Computing the equivariant 1-st Chern class 
c = 2p + ft we expand the equivariant Todd class: 

t,»(cp') = i + £ + £ + ... = i + (,-*) + £ + ... 
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Consider now the quot-scheme F d := Proj(Ext°(CP 1 ; O(-d), O n )) correspond- 
ing to degree d maps CP 1 — > Proj(C N ). The equivariant cohomology algebra 
Hg lxG (Fd) (with respect to any linear G-action on C^) is generated over the coeffi- 
cient ring H*(BS 1 x BG) by the equivariant 1-st Chern class H = ci(P) of the Hopf 
line bundle P. The tautological composition O(-d) <g> Hom(0(-d),0 N ) -> O n 
defines the universal rank 1 subsheaf A C O n on CP 1 x P d where therefore 
A = CP i(-d) <g> P. Thus ci(A) =H -dp. 

Now we apply the above construction to each factor in ILj^...^ by putting C N = 
A*C r+1 , d = di, i = l,...,r, and conclude that the equivariant 1-st Chern classes 
Ci(/\ % E l ) are represented in CP 1 x Ii d by Hi — rfjp where Hi = Ci(Pj). We compute 
the degree 2 term in Ch(V)Td{£P l ): 

r(r 2 ^ 1) ^ 2 - (2p + ft) - rf iP ) + X - -Hi- (d i+1 - di)pf + const. 

Replacing powers of p in this formula by their push-forwards pr*(l) = 0, pr*(p) = 1, 
W*{p 2 ) — P r *(—frp) = —ft) pr*(const) = 0, we find 

ci(T d ) = -ft[£ * + ^ - ^) 2 ] - 2 J] Hi - - - d^. 

Since Ci(.£Q) = —Ci(T d ), ft = — Ci(?) and Hi = Ci(p), we finally conclude that (at 
least over Q) 

K d = q~ kd J[P?(Pi +1 p- l ) di ^- di = JJ/> 2 -*-i+ 2 *-*+i. 

i i 

3.3. Another useful property of the hyperquot schemes is that fixed points of 
the action on HQ d of the maximal torus S 1 x T C G are isolated. More precisely, 
a fixed point of the torus S 1 x T action on HQ d . Such a fixed point is uniquely 
determined by the following data: 

(i) A permutation a G S n+ i specifying a fixed point of the torus T action on the 
flag manifold X. 

(ii) A pair A + , A_ of lower-triangular matrices with non-negative integer entries 
i^iji 1 < j < i < r satisfying 

r 

< run < ... < ma, i = l,...,r, and y]( m ti + m ii) = d r+i-j, j = l,...,r. 

i=j 

Indeed, let the flag of subsheaves £ l C ... C £ r+1 = O r+1 on CP 1 represent a 
fixed point of the torus S 1 xT action on HQ d . At generic points of CP 1 the flag of 
subsheaves determines a flag of subspaces in C r+1 which may not vary along CP 1 
(S^-invariance) and thus coincides with one of (r + 1)! coordinate flags in C r+1 (T- 
invariance). Let (eo, e r ) be the standard basis in C r+1 . Consider for example the 
T-invariant flag formed by the coordinate subspaces <£ r+1 -i := Span(ej, e r ) (all 
other T-invariant flags are obtained by permutations (e CT ( ), ...,e CT ( r )) of the basis). 
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Outside the fixed point set (1 : 0), (0 : 1) of 5 1 -action on CP 1 the sheaf E r+1 ~-> 
coincides with the sheaf of vector-functions Oej © Oej + i © ... © Oe r (SMnvariance). 
It remains to describe the S 1 x T-invariant flags of subsheaves near the fixed points. 
It is easy to see that such a flag is equivalent to one of the following, described 
by the matrices A + and A_ near (1 : 0) and (0 : 1) respectively. Let ( be the 
coordinate on CP 1 near (1:0), and (( m ) denote the ideal generated by ( m in the 
local algebra of functions on CP 1 near at this point. In a neighborhood U of ( = 
put 

s r+l -% := ; ,(C'"") ( , . 

The conditions on the matrices A± guarantee the subsheaves form a flag and that 
their degrees are equal to d r+ \-j. 

Remark. One can continue along these lines and write down explicitly Bott - 
Lefschetz fixed point localization formulas on HQd- In particular, one can easily 
recover this way the factorization property of the function G described by Propo- 
sition 2. On the other hand, we were unable to see how combinatorics of the 
localization formulas (which in principle determine the function G) implies the re- 
cursion relation (f|). In the proof of Theorem 1 given in the next section we choose 
a different way which refers to localization formulas in the projective spaces 11^ 
instead. What we need to know about the hyperquot schemes is only Theorem 3 
and the very fact that fixed points in HQd are isolated. 

4. Localization and recursion 

4.1. The recursion relation (f|) can be restated as an identity between some 
elements in K^ lxG (Yl d ). Let 

O d := ^(0 GXd ) 

be the .fT-theoretic push-forward of the trivial line bundle over the graph space to 
the product Ud of projective spaces along the map \i : GX& — > lid described in 
Section 2.1. The elements Od with different d can be compared to each other via 
the inclusions 

0« : n d _ 1; C u d 

defined in terms of r-tuples (/i, f r ) of vector- valued binary forms by the formula 
fj(x,y) i— > fj(x,y)y 6l J . As it is easy to see, say, from localization to fixed points of 
^-action on 11^, the pull-back by <j>^ transforms Pj to q &ii Pj. Let 

Of :=^Od- U , i = l,.~,r, 

be the K-theoretic push-forward of Od-i t by the inclusions. One can think of 
Od and Of as Laurent polynomials of the generators (Pi, P r , A , A r , q) in 
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fQj(ILj) defined modulo relations among them. Remembering the notation Q\ = 
Q iq «, we get H Q >, q G{Q, Q') = £ d Q d H d where 

n d = XG (nd,o d (p 1 + p 2 p l - 1 + ... + p- 1 )p z )-q^xG(n d -i 1 -,o d - ll p 1 p z ) 

-q Z2 XG(Jt d _ l2 -O d „ l2 P 2 P{ l P z ) - ... - q z r X G(Jl d _ lr -O d _ lr P- l P z ). 

This shows that Theorem 1 is equivalent to the following sequence of relations in 
Kh{K d ): 

(6) H d -.= P x O d + P 2 P 1 -\O d - O d 1] ) + ... + p-\O d - O d r) ) = (£hq x )O d . 

Moreover, due to the results of Section 2, the relations (|6|) for all d < d are 
equivalent to the recursion relations ([|) for coefficients J d of the series J for all 
d < d . We are going to prove (|]) by induction on \d\ := di + ... + d r . 

As we know from Section 2.3 the relation (|6]) is true for \d\ < 1. 

Let us now assume that (||) is true for all d! ^ d such that d! < d (componen- 
twise). We compute the fixed point localizations of H d at the fixed point com- 
ponents U d d ^ of the ^-action. More precisely, we call here the localization of a 
torus-equivariant class A e K^(Y) the class a in the (localized) equivariant if-ring 
of the fixed point set Y T such that j*a = A under the embedding j : Y T — > Y. The 
localization is therefore characterized by the property xt{Y t ; aj*B) = XriX'-, AB) 
for any B G K^(Y). 

Let us recall from Section 2.2 that S^-fixed points in 11^ are represented by 
vectors of binary forms with monomial components proportional to x di y * (where 
d~ = d — d + ), that the set U^f ■* formed by these fixed points is a copy of IT and 

that the restriction of Pi to H d d ^ equals Piq d ^ . Due to Proposition 1 we have, 
O d := K(OnQ d ) = H*(Ocx d )- Due to the results of Section 2 the localization of 
O d to the fixed component belongs therefore to the image of : Kq(X) C Kq(H) 
under the Pliicker embedding and is described in terms of Kq(X) by the coefficients 
of the series J{Q,q) = Y, J d(l)Q d as i*[Jd+{q)Jd- 

Similarly, localizations of O d : = 0^0^-1; coincide with i*[J d +(q)J d -(q^ 1 )} since 
(f)^ maps isomorphically the fixed point component onto H^f ' for all d + > 

lj. Combining, we find that localizations of H d have the form i*[C d+ (q)J d -(q^ 1 )] 
where C d = 

(p iq dl + ... + p^-l^-*-! + ... +p -l q -dr )Jd _ p2p -l qd2 - dl ^ ^ _ -p~\-^J d _ lr 

Comparing with the recursion relation (§) we find that the induction hypothesis 
implies vanishing of localizations of H d — Aj 1 )O d at all fixed point component 

Il d d+) with d + y£ d (and the remaining vanishing condition for d + = d coincides 
with (|) ). 

Remark. Vanishing of the localization at the last fixed set H d will be derived 
with the use of the following polynomiality property. The classes H d and O d are 
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defined in .fQ^ILj) before of fixed point localization (while their expression in terms 
of J d ± makes explicit use of it) and therefore 

X G{^P z [H d -{Y,^ V )O d ]) G Repr(G) 

is the character of a virtual representation of G and is therefore represented by a 
Laurent polynomial, that is a regular function on the maximal torus of the group 
('. ■ = S^x SX r+1 (C). When expressed in terms of the localizations Jd+iojJd-iQ -1 ) 
(which typically have lots of other poles in q besides q = 0, oo) the polynomiality 
property yields serious constraints on J d . Yet it turns out (although we are not 
going to describe the details here) that the constraints are not powerful enough in 
order to uniquely determine all J d , and we need additional geometrical information 
about them. 

4. 2. Consider further localizations J d of the coefficient Jd{q) G Kq(X) to the 
(r + 1)! fixed points a G X of the maximal torus T C S77 r +i(C). The restriction 
are rational functions of q and A and can be written in the form 

j* _ ig(g) 

d ss( q y 

where R d , S d G Q(A)[g] are polynomials in q not vanishing at q = simultaneously. 
We claim that in fact 

(7) degS? - degiZJ >k d = d 1 + ... + d r + J2 

(where we put di — for % < and % > r). This follows from general structure of 
Bott - Lefschetz fixed point localization formulas applied to the hyperquot schemes 
and from Theorem 3. 

Indeed, consider the (isolated!) fixed points (a, A) (see Section 3.3) in HQ d 
mapped to the fixed point a G n^. As we found in Section 4.3, the coefficient J d 
represents the localization of O d = ^(0 GMd ) at the (r + 1)! fixed points in IT^. 
On the other hand we have O d = \*{OQH d ) due to Proposition 1. Therefore the 
localization coefficient J d is equal to the sum 

of the similar localization coefficients for Ohq a at the fixed points (a, A) mapped 
to a. The Bott - Lefschetz denominator BL a ^ here is the character of the torus 
S l x T-action on the exterior algebra A*T* A of the cotangent space to HQ d at the 
fixed point. Therefore 

BL aA = U a (l-q^A^). 

where (u a , Xa) specify the characters of respectively S 1 and T on the 1-dimensional 
invariant subspaces in T* A indexed by a. 
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Each fraction 1/(1 — q u A x ) with v > has order at q = and order v at 
q = oo. Each fraction with v < can be rewritten as — q~"A~ x /(l — q~ v A~ x ) and 
has order at q = oo and order —v at q = 0. The product BL~\ of such fractions 
is uniquely written as a rational functions in q of the form Const q /S(q), where 
M = — Y v a over all negative u a , S is a polynomial in q, 5(0) = 1, and the degree 
deg S = Y2 a v a + 2M of the denominator exceeds the degree M of the numerator 
by Y a u a at least. Clearing denominators in the sum of such rational functions 
we represent J% as a ratio R^(q)/ S%(q) of two polynomials in q where 

^(0) = 1 and deg S° - degi^ > $> Q . 

Notice that the sum Y^ a v & coincides with the character of the S^-action on the 
top exterior power of T* A . Using Theorem 3 together with the fact that restrictions 

of Pi to 11^ are equal to q di Pi we find 

^2 v a = -k d + ^ d i( 2 ~ + 2d i ~ d i+i) = ~ k d + 2k d = k d . 

a 

regardless of the index A. 

4.3. With the estimate (|7|) at hands we now complete the induction step as 
follows. The estimate shows that the total order of poles of JJ at q ^ 0, oo is kd 
at least. 

On the other hand, we claim that the localizations — (Y2 Aj 1 )O d ~ of 
Hd — (Y ^J 1 )Od at the fixed points of S 1 x T r with d + = d and any a E X T 
have no poles at q ^ 0, oo. 

Indeed, for any z e Z r the G-equivariant holomorphic Euler characteristic of the 
sheaf P z [Hd — (Y ^J 1 )Od] is a Laurent polynomial of q and A. By the induction 
hypothesis localizations of this sheaf to all fixed points of 5' 1 -action with d + ^ d 
vanish, and thus the Euler characteristics is equal to 

q zd J2 A ^ H d-(J2 A J^°dl 

a 

The restrictions A z a = A^ 1 ) A^ 1 ( ~ ) 22 ...A^ (r) of p z to the (r + 1)! fixed points a (iden- 
tified in this formula with corresponding permutations) are linearly independent 
exponential functions of z. This shows for each a 

r 

(8) hi - (£ A fW = Y,K^ +1 ' dl (Jd - JLu) ~ (E A * rl ) J £> 

(where we put Cd-\ = 0) must be Laurent polynomials. 
Using the estimate (0) and the identities 

kd-ii — (di+i — di) = kd — (di — di-x), 



18 



ALEXANDER GIVENTAL AND YUAN-PIN LEE 



we see that (§|) multiplied by g max *( d * is a rational function of the form 
R(q)/S(q) with S(0) ^ with 

deg S — deg R> k d — max(^ — cfj_i) — max(c( i — rfj+i). 

This conclusion together with the property of to have no finite non-zero poles 
leads to a contradiction unless R = or fc^ < max(dj — c£i-i) + max(dj — di+i). 
The inequality implies |d| < 1 (and turns into equality for d = and lj.) Indeed, 
denote the maximum and the minimum by a and /3. We have 

0<a + [3-k d = a + f3-J2 idl ~2 +l)2 ~\d\ <^a-^ + P - ^ -\d\<l- 

Thus for di + ... + d r > 1 we are left with the only option R = 0. This completes 
the induction step and the proof of Theorem 1. 

Remarks. (1) In cohomology theory, the arguments parallel to those used in 
Section 4.1 (i. e. the general factorization and polynomiality properties plus explicit 
description of spaces of curves of degrees \d\ < 1) would have been sufficient in order 
to determine the counterpart of the series J unambiguously and thus prove Kim's 



theorem [17fl mentioned in the Remark (3) in the Introduction (see also Section 5.1 
below). This follows from dimension counting: for \d\ > 1 the dimension of GX d 
exceeds the degree of the cohomology class analogous to Hd — Aj 1 )Od by a 
margin large enough in order to provide the necessary number of additional linear 
dependencies among fixed point localizations. 

(2) In i^-theory, the dimensional argument is not available. Let us look however 
at the integral formula @ (yet conjecturally) representing Q for r = 2. For d±,d 2 
large enough and Z\,Z2>0 small enough the integrand has no poles with P\, P 2 = 
or 00, and thus the integral is equal to 0. If known a priori, this property 
would provide enough linear dependencies between localizations of Hd in order to 
complete our proof. 

(3) The same property of the countur integral (see Section 2.4) representing the 
Bott - Lefschetz formula for complex projective spaces follows a priori from the 
Kodaira - Nakano vanishing theorem. It would be interesting to figure out what 
kind of vanishing theorems would guarantee this property in the case of the graph 
spaces GXd. 

(4) In the above proof we exploited another property which is manifest in ([5]): the 
difference d\/2 + (d\ — c?2) 2 /2 + d\/2 + d\ + d 2 between the degrees of the numerator 
and the denominator in the integrand considered as a function of q" 1 . The margin 
is explained by Theorem 3, and the whole argument resembles the famous proof 
|I[ of Atiyah - Hirzebruch rigidity theorem of arithmetical genus refined by the 
estimate of the equivariant canonical class. 
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5. Generalization to flag manifolds G/B 



An arbitrary complex semi-simple Lie group G will replace here the group 
SL r+1 (C) of the previous sections. 

5.1. In order to generalize Theorems 1 and 2 to flag manifolds G/B of semi- 
simple complex Lie algebras g it is useful to recall corresponding results of quantum 
cohomology theory due mainly to B. Kim JT7j. According to the Borel - Weil 
construction, fundamental representations Vi,...,V r of the Lie algebra q of rank 
r can be realized in the spaces of holomorphic sections of suitable line bundles 
over G/B with the 1-st Chern classes hi,...,h r . The sections define the Pliicker 
embedding 



which allows one to generalize the construction of the maps \i graph spaces from 
GXd to the products LT^ of projective spaces. The cohomological counterpart of 
the series ([I]) is 



where Hi are S* 1 x C7-equivariant 1-st Chern classes of the hyperplane line bundles 
on the product lid of projective spaces pulled back to the graph space GXd by 
the map fi. The power (Q, z)-series Qh with coefficients in H*(BS 1 x BG,Q) 
can be factored as (lH(Qe hz , —ft" 1 ), Ir(Q, ft 1 )) where (. , .) is the G-equivariant 
Poincare pairing on Hq(X), lH{Q,ft~ x ) = e < ^ hlnQ ^ K, [^2 d CdQ d } is a suitable series 
with coefficients c d G Hq(X,Q(H)), and ft is the generator of H*(BS 1 ). 

The main theorem in says that In is a common eigen-function of r com- 
muting differential operators which form a complete set of quantum conservation 
laws of the quantum Toda lattice corresponding to the Langlands-dual Lie algebra 



For example, the Hamiltonian operator of the Toda lattice in the (self-dual) 
s/ r+ i-case has the form 



and H I = |(Aq + ... + A^) / (we identify here H*(BG) with the algebra of 
symmetric functions in Ao, ...,A r , ^2 Ai — 0). As we mentioned in the Remark 
(2) in the Introduction, the equation for 1^ can be extracted from the finite- 
difference equation HI = C^^ 1 )! as the degree 2 part in the following approx- 
imation: put q = e~ h = 1 — ft + Aj = e Ai = 1 + Aj + ... and use the grading 
deg h = 1, deg A, = 1, deg Q { = 2. 



X:=G/B^U:= n r i=1 Proj(V*), 
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In i^-theory, we introduce 

Q K := Yl Qt 1 -Qi r X S ^a(GX d ;P^...P^)), 

d=(d\,...,d r ) 

where Pi denote the Hopf line bundles on Ii d pulled back to GX d by \i. Due to the 
factorization property of Section 2 we have (for Q' = Qq z ): 

g K = (lK(Q',q),lK(Q,q~ 1 )) 

where the series I K (Q,q) = p lnQ/lnq J2 JdQ d has coefficients J d G K* lxG {X). The 
conjecture we are about to describe says that Ik is a common eig en- function of 
the conservation laws of the finite- difference Toda lattice corresponding to g'. 

5.2. The commuting differential operators of quantum Toda lattices originate 
(see 



19| , |23| ) from the center Zy^ of the universal enveloping algebra Uq'. Similarly, 
commuting finite-difference operators of the Toda lattice originate from the center 
of the corresponding quantum group U g g'. 

Let g' be the simple complex Lie algebra Langlands-dual to g (i. e. g' = g unless 
they have the types B r and C r which are dual to one another). The quantum group 
U q g' is defined as a (Hopf) algebra in terms of generators Kf 1 , Xr 1 , i = 1, r and 
relations (see for instance 



[KuKj] = 0, KiXf = q^'^XfKi, [X^Xj] = 5 K ' ~ A 



q-q 1 



E(-l) fc ""I q7 kim - k) (Xt) k X?(Xtr a -- k = for^j, 



k=0 \ - / qf 



where = 2 (a*, a,-)/(ai, en) is the Cartan matrix of g', at, a r — simple roots 
of g', (., .) — a iy-invariant inner product, qi = g*" 4 '^)/ 2 , and (™) is the g-binomial 
coefficient 

(l-g)(l-g 2 )...(l-g m ) 
(l-g)...(l-g fc ) 

The Cartan subalgebra U q ty = Q[K ±1 ] is the group algebra of the root lattice for 
g'. In the Toda theory it is useful to extend the root lattice (and the quantum 
group) to the co- weight lattice. We introduce the commuting generators Pi,...,P r 
corresponding to fundamental weights of g so that Ki = p^' ai \_p^ a ^ ar ^ anc i 
choose new generators Qf = XfP 1 mn ...Pf- mir instead of Xf. Here (m^) is any 
matrix with the property 



m 



i.i 



rriji unless (a^, Oj) < in which case rriji — rrtij = ±(ct, a)/2 



where a is a long root. (For instance, one can orient the edges of the Dynkin 
diagram and put rriji = unless there is an edge from i to j in which case put 
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rriji = (a, a)/2.) The relations between the new generators read: 

[P U P S ] = 0, PQf = g ±5 -QfP t , Q+QJ - '"-(),(); = *a Ki Zq-x - 
and for i^j,x := ^± 2 (™*-^)/K«) 

Notice that the Serre relations @ allow 1-dimensional representations y_ '■ U q n'_ 
— ► C of the subalgebra generated by (Qi , • Q?) due to the following g-binomial 
identity: 

(1 -*)(!- g*)...(l - q^x) = U ^ (fe " 1)/2 ^ , 

and that the Borel subalgebra U q b' + generated by P^ 1 and has a representation 
7r + onto the algebra of finite-difference operators Qf i— ► Qi x , Pj i— ► qQi®/ 9 ®* ; i = 

In order to construct commuting finite-difference operators from the center Z\j ■ g 
of the quantum group we, following B. Kostant, represent the quantum group 
as the tensor product U q b' + ■ U q W_ of the subspaces, then notice that the linear 
map U q g' — > f/ g b+ <2> {7 g n'_ restricted to the center is a homomorphism of algebras 
Zu q g' ~* U q b' + <S> U°n'_ (here ° means the anti- isomorphic algebra) and compose 
the homomorphism with the representation tt + ® x— 

5.3. The center Zu g i for generic q is known to be isomorphic to the polynomial 
algebra in r generators. The corresponding finite-difference operators one obtains 
by choosing y_ = are constant coefficient linear combinations of translation 
operators. Considered as Laurent polynomials of the elementary translations p = 
qQid/dQi^ they become W- invariant after the p-shift 

Pi ^ P iq -" = Q p P t Q- p , 

where Pi a i = P is the semi-sum of positive roots of g'. The jy-invariance follows 
from the theory of Verma modules for the quantum group U q g'. 

One defines commuting operators i = l,...,r, of the finite-difference Toda 
lattice by choosing a generic character on the role of x~ 0- e - X-(Qj) 7^ f° r 
all j) and applying the above construction followed by the p-shift to generators 
Di,...,D r of the center. Then the constant coefficients symbols Smbo '■= Pi 
mod (Q) are W- invariant Laurent polynomials in (Pi, ...,P r ). Recall now that the 
generators Pj correspond to fundamental weights of g. This allows us to consider 
the symbols as W- invariant functions on the maximal torus of G. Finally, the form 
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of the finite-difference Toda system we need reads: 

(10) £>i I = Smb Di (A) I, z = l,...,r, 

where A = (Ai, A r ) are Laurent coordinates on the maximal torus of G equal 
to highest weights of the fundamental representations. 

Conjecture. The K* slxG (X) -valued formal function Ik{Q,o) (and respectively 
the generating function Qx — (^k{Q<1 z ,(i),Ik{Q, ( 1~ 1 )) f or the flag manifold X = 
G/B satisfies the system ftLD) of finite- difference Toda equations corresponding to 
the Langlands-dual Lie algebra g' . 

5.4. Remarks. (1) Operators of the Toda system fllPf) depend on the choice of 
the matrix (to^ — m^) and of the generic character \-- The latter ambiguity is 
compensated by rescalings of Qi, ...,Q r . A canonical choice of the matrix for the 
classical series A r , B r , C r , D r is described in (Theorem 12). At the moment we 
are not ready to specify the choice to be made in the above Conjecture. 

(2) The construction of commuting Toda operators is an algebraic version of the 
following geometrical description for differential Toda systems: interpret the center 
Zug> of the universal enveloping algebra as the algebra of bi-invariant differential 
operators on the group G' and make them act on the functions on the maximal torus 
X" by extending such functions to the dense subset N' + T'N'_ C G' equivariantly 
with respect to given generic characters x± '■ N± — * C x (i. e. restrict the operators 
to the sheaf of functions / on G' satisfying /(n+grC 1 ) = x+{ n +)f{9)X-i n -))- 
The Hamiltonian differential operator H of the quantum Toda system is obtained 
by this construction (followed by the p-shift) from the bi-invariant Laplacian on 
G'. 

(3) By the Harish-Chandra isomorphism, central elements in Ug' correspond 
to ct(f-invariant elements in S(g') (or to IV-invariant polynomials on the Cartan 
subalgebra of g). Similarly, central elements in U q g' correspond to ^-invariant 
functions on the maximal torus of G. This explains why the operator (fj) does not 
look like a finite-difference version of the 2-nd order differential operator H: the 
operator H corresponds to the trace of unimodular matrices, while H corresponds 
to the trace of square for traceless matrices. For classical series there are relatively 
simple algebraic formulas for generators of Zu 9 > quantizing traces of powers of 
matrices in the vector representation (see |[22|| , Theorem 14). It is not hard to 
point out explicitly the finite-difference Toda operator corresponding in the above 
Conjecture to the trace in the co-vector representation of a classical group. 

5.5. Whittaker functions. In harmonic analysis, one constructs eigen- 
functions of the center Z / as matrix elements of irreducible representations of 
G'. This construction in the case of the Toda system ( |I0D includes the following 
ingredients. Let \v) G V be a Whittaker vector in an irreducible representation 
of U g g', i. e. a common eigen-vector of the elements , i = l,...r: Q~\v) = 
X-(Qi)\ v ) ■ L e l ( a l E V* he & Whittaker covector. (a\Qf\x) = x+(Qt)( a \ x ) f° r 
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any \x) G V, i — 1, ...,r. Let Smbn(Aq p ) be the eigenvalue of the central element 
D in the representation V. Then the matrix element 

(a\Pl nQl/lnq ... P^ lnq \v), 

up to the p-shift, is an eigenfunction of the finite-difference operator D with the 
eigenvalue Smbo. 

In the case of differential Toda lattices the construction of eigen-functions as 
matrix elements (which requires existence of suitable Whittaker vectors, covectors 
and integrability of the representation of g' to the maximal torus T' C G' at least) 



can be realized (see [JT9], p3[ ) in suitable analytic versions of the principal series 
representations on the role of V. According to [|7| (see the Remark (5) in the 
Introduction) the construction can be carried over to the case of quantum groups. 
We arrive therefore at the following representation-theoretic interpretation of the 
Conjecture 

generating functions for matrix elements in 

representations of S 1 x G oo-dimensional representations 

in cohomology of line bundles on of the Langlands-dual 

spaces of rational curves in G/B quantum group U q g' 

We expect that the LHS of this equality has a natural interpretation in terms 
of representation theory for the Kac-Moody loop group LG at the critical level 
(rather than in terms of generating functions for representations of S 1 x G). The 
reason is that the graph spaces GXd (or the quasimap spaces /j,(GXd) C ILj) can 
be considered as degree d approximations to the loop space LX with the circle 
action induced by the rotation of loops. Moreover, according to these spaces 



provide adequate geometrical background for semi-infinite representation theory of 
loop groups. However we do not have at the moment any direct evidence in favor 
of this expectation. 
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